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. Introduction

ATMOSPHERIC disturbances can modify the flight
characteristics of aircraft. Extreme examples of this are

the destructive consequences of downbursts1 and the
disruptive effects of CAT (clear air turbulence). Wind shear
and turbulence are particularly unwelcome in the phases of
take-off and landing, where they may critically interfere with
aircraft control.2'3'4'5 In this Note a related effect is
demonstrated—the modification of the high-frequency
oscillation when an aircraft encounters a coherent wave
disturbance. The effect is most noticable when the wave
frequency, seen from the aircraft, is twice the frequency of the
free pitching mode. The interaction modifies the damping rate
of the motion and leads to excitation of all harmonics of the
pitching frequency. The effect is something of a curiosity, in
that while it may enhance aircraft vibration a little, it should
not lead to instability unless the aircraft is already
dangerously under damped.

The atmospheric waves are internal gravity waves of the
gravity shear or Kelvin-Helmholtz variety.6 It is relatively
common for aircraft to encounter such waves, since flight
paths often coincide with the jet streams, favored locations
for shear waves. However, the more extreme instances of
wave activity are likely to be avoided, since they coincide with
servereCAT.7

Model Calculation
The calculation is an elementary study of the longitudinal

pitching mode of an aircraft flying with fixed controls. Severe
approximations to the dynamics and total absence of any
control corrections make this calculation "preliminary" at
best. Its advantage is simplicity, in both presentation and
interpretation.

In its simplest form, the "high frequency" mode is defined
by the aircraft behavior in a uniform atmosphere (e.g.
Seckel8). It has also been studied in the presence of a
horizontally homogeneous vertical shear.5 The present study
allows periodic variations in the wind field. Aircraft response
has been obtained in several models with various degrees of
complexity. The most complex has been a two-air-foil rigid
craft in free longitudinal motion with coupled plunging and
pitching. But the essential result is easily illustrated by
isolating the perturbation moment generated by the lift of the
tail air foil. This most simple model produces essentially the
same pitching behavior as the most complicated formulation.
Perhaps this is not surprising in that it reflects the dominant
role of lift at the tail air foil in all matters of pitching stability.
The simplest formulation is presented in this Note.

Formulation
Figure 1 defines the geometry of the system. The aircraft is

trimmed for level flight at constant air speed S when it en-
counters a periodic wind perturbation. Changes in the
magnitude and direction of the tail lift, L, induce pitching
through angle 0 about the center of gravity of the aircraft:

= dLcos(<t>-0)-M0 (D

7 is the moment of inertia of the craft and d the effective
moment arm of the tail, about the center of gravity. The
moment of the tail lift in trimmed level flight, M0, is balanced
by other torques whose perturbations are normally small
compared with the right hand side of Eq. (1).

In this model, the center of gravity remains in uniform
horizontal motion with constant ground speed. Air speed
relative to the tail, V, changes because of perturbations (u, w)
in the wind, and the tail rotation velocity (d0 sin0, d0 cos0).
An analogous separation in the dynamics was used by
Riggers9 in his study of the flapping stability of helicopter
rotors. After assuming a constant forwards speed for the axis
of the rotor system, Biggers obtained an equation with
periodic coefficients for the motion of the rotor blades. In this
sense also his study resembles the calculation presented below.

Equation (1) is simplified by assuming that the lifting co-
efficient, c(a), varies linearly with changes in angle of attack
a about a mean setting a0. The dynamics can then be set up
with the relations

(2)

(3)

(4)

(5)

(6)

M0 = 1/2dpAc0S2

n~ 7 { (w-d<9cos0)/-(S+d<9sin0-w)

(S+dOsinO-u)2+(decosd-w)2
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Combining Eqs. (l)-(4)

I§=1/2dA{c0(V2cos((t>-0)-S2)+Ci(<t>-0)V2} (7)

Now two, distinct, small amplitude approximations are
applied. First, all equations are linearized in 0, the disturbance
to the pitch. This is the standard approximation of "in-
finitessimal" stability theory. Second, the wave amplitude
only appears as corrections of order u/S and w/S in ex-
pression that are of order 1. Since these wave terms are
relatively small, all equations are further linearized in these
amplitudes. It must be noted that in this procedure response
terms of order 0 (u/S) are retained while formally larger
forcing terms of order (w/S) •(w/S) are discarded. This
approach cannot be rigorously justified. But to the extent that
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where u0 and fare found to be

stability can be determined from the behavior of the
homogeneous sytem alone, as is attempted below, these
forcing terms need not be considered anyway. It would,
however, be very interesting to see if a fully nonlinear
calculation retained the features deduced from the present
linearized approach.

These linearizations reduce Eqs. (5)-(7) to

(8)

(9)

(10)

The notation has been chosen to coincide with the
properties of the homogeneous wind problem. When the wave
components u and w are set equal to zero in Eq. (8), the
system reduces to the damped harmonic oscillatory equation
that is the most elementary description of the "high
frequency" mode. The natural frequency co0 and the damping
ratio f of the mode can be assigned values that are observed in
actual flight configurations.

Aircraft Behavior
The solution of Eq. (8) can be partitioned into a response

forced by the terms on the right hand side, and the general
solution of the homogeneous equation. The first part is
certainly interesting in its own right, but this study is con-
cerned with the second part, 6H:

dH+2fr0(l-u/S-5c0w/2c1S)eH

(11)

(12)

(13)

In Eqs. (12) and (13), co is the frequency of the wave as seen
from the aircraft. Now transform to canonical form

Assume a sinusoidal form for the wave disturbances

u/S=Acos(ut)

=.yexp - in( at) /

y+{u2
0(l-{2)-Ecos(ut+<l>2)+e2}y =

(14)

(15)

where

(16)

(17)

Now e2 is second order in the wave amptitudes. Terms of
this order were discarded in the linearization procedure, and
to maintain consistency the term e2y should be dropped from
Eq. (15) giving .

Fig. 1 Flight geometry showing the undisturbed velocity S, the wave
field (J/,H>) and the induced pitching 0.
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Fig. 2 Contours of the growth rate \i in the second unstable region of
(q,a) space. The solid lines are contours of S = exp(7r/t). From
Blanch.10

This is Mathieu-s equation.10 To put it into standard
notation, define

(19)

(20)

(21)q=2E/u2

This leads to the standard equation, and its series solutions

(22)
\

(23)
A:=-oo

The parameter ju, may be either real or imaginary, depen-
ding on the values (a,q). The high frequency stability is
modified by real /*. In the original notation:

y+ (c4(7-f2) - (18)

(24)

Even though the wave is purely sinusoidal, the craft motion
has a very complex spectral form. It is no longer reasonable to
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define a damping ratio, but BH does have obvious exponential
decay terms. It can be factored into two parts, one with
an overall decay exp {-(fco0 + /*o)/2)f), the other with

This modification of the damping will only be of con-
sequence when /W2 is at least comparable with fw0. Usually
this will not be the case. It appears that aircraft with
reasonably damped high frequency modes will remain stable
for realistic amplitudes of the wave. However, f may be very
small in special circumstances for modern super-performance
aircraft flying at high altitudes. For then f-*0. It should also
be noted that damping may be reduced by effects that can
occur simultaneously with the wave disturbance studied here.
Thus Curtiss,11 in another study involving aircraft per-
formance governed by equations with time dependent
coefficients, has shown that the damping f is reduced during
deceleration of a craft. Accordingly, very light damping,
while unusual, may be encountered in practice.

Pursuing this limit, it is found that the greatest
destabilization occurs in the so-called "second unstable
region" of the (a,q) space. This is a region of real ju, localized
about values of a2 near unity in the notation of Eq. (22) (i.e.,
a wave frequency u that is about twice the oscillation
frequency o)0 of the mode). The region is shown in Fig. 2.
Only rather small vaues of 2q/a are expected, so a good
approximation to E is obtained with

(25)

(26)\2q/a\~ \2u/S\<l

Air speed S will be close to the speed of sound, and the
modal period will not exceed a few seconds. Correspondingly,
\2u/S\ probably cannot exceed 0.1. Examination of Fig. 2

shows that p will not be much bigger than 0.03. Examination
of Eq. (26), for co = 2co0, shows that the craft motion will only
be unstable if f</*, i.e., if f<0.03, which is an abnormally
small damping ratio.

In conclusion, this mechanism, which is a parametric
destabilization of the higher frequency longitudinal mode, is
theroretically possible but unlikely in practice. It could of
course be induced by loading the craft to have an abnormally
long period of pitching but this is hardly a standard
procedure.
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Introduction

SIMULATIONS are often necessary to assess system
performance. In this way, the influence of effects that

were not taken into account during system design can be
examined. Two of the more important of these effects are
nonlinearities and stochastic disturbances. For judging system
performance generally, mean values and covariances are the
most important. Traditionally, nonlinear systems are
simulated by applying Monte Carlo techniques. Let the
nonlinear system be described by

*(t)=f[x(t),t]+B(t)w(t) (D

driven by a random process w(t) and with random initial
conditions. Using shaping filters, we can assume that w(t) is
white noise. To obtain statistically meaningful results, a great
number of sample responses are generally needed, leading to a
high computational burden. The results are, e.g., mean and
standard deviation of system states for specific instants of
time.

Covariance techniques are methods for directly calculating
analytical approximations for the means and the covariances
of system states as functions of time. Instead of calculating
many sample responses, Eq. (1) is linearized around its mean
value and the resulting (nonlinear) system of equations for the
means and the covariances is solved numerically only once.
The computing time is thus reduced. For the linearization of
Eq. (1), two methods .can be applied: Taylor series and
statistical linearization. In contrast to the CADET-co variance
technique,3 where the whole of Eq. (1) is statistically
linearized, we apply a combination of both methods, which is
mathematically easier to use and more efficient to compute.
Moreover, this combination allows easy design of modular
computer programs structured according to physical sub-
systems.

Covariance Technique for Stochastic Simulation
We linearize the nonlinear stochastic differential equation

(1) with the Taylor series expansion around its actual mean
value. But we exclude from the Taylor linearization those
points in the mathematical model [Eq. (1)] for which the

Received June 7, 1983. Copyright © American Institute of
Aeronautics and Astronautics, Inc., 1983. All rights reserved,

* Diplomate in Engineering.
tDiplomate in Mathematics.


